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DIFFEOLOGICAL, FRÖLICHER, AND DIFFERENTIAL SPACES
AUGUSTIN BATUBENGE, PATRICK IGLESIAS-ZEMMOUR, YAEL KARSHON,
AND JORDAN WATTS
Abstract. Differential calculus on Euclidean spaces has many generalisations. In partic-
ular, on a set X , a diffeological structure is given by maps from open subsets of Euclidean
spaces to X , a differential structure is given by maps from X to R, and a Frölicher structure
is given by maps from R to X as well as maps from X to R. We illustrate the relations
between these structures through examples.
1. Introduction
There are many structures in the mathematical literature that generalise differential cal-
culus beyond manifolds. In this paper we focus on the simplest such structures: diffeology
(as defined by Souriau), differential structures (in the sense of Sikorski), and Frölicher struc-
tures. A diffeology on a set X is given by a set of maps from open subsets of Euclidean
spaces to X; see Definition 2.1. A differential structure on a set X is given by a set of maps
from X to R; see Definition 2.2. A Frölicher structure on a set X is given by a set of maps
from R to X and a set of maps from X to R; see Definition 2.12. These structures are
motivated by the following characterisations of smooth maps between manifolds.
Let M and N be open subsets of Euclidean spaces Rm and Rn and ψ : M → N a function.
Smoothness of ψ is equivalent to each of the following conditions.
(1) For each k, each open subset U of Rk, and each smooth map p : U → M , the compo-
sition ψ ◦ p : U → N is smooth.
(2) For each real-valued smooth function f : N → R, the composition f ◦ ψ : M → R is
smooth.
(3) For each smooth curve γ : R→ M , the composition ψ ◦ γ : R→ N is smooth.
The fact that the third condition implies the smoothness of ψ follows from the following
theorem of Jan Boman [10, Theorem 1]: Let f be a function from Rd to R, and assume that
the composition f ◦ u is in C∞(R,R) for every u ∈ C∞(R,Rd). Then f is in C∞(Rd,R).
The goal of this paper is to illustrate the relation between differential structures, diffeolog-
ical structures, and Frölicher structures through examples. We deliberately focus on these
structures which we view as the simplest among the many generalisations of differential cal-
culus. To this end, we do not address higher categorical approaches to smoothness such as
differentiable stacks, nor algebro-geometric settings such as C∞-schemes, nor differentiability
of finite order. We believe that a good understanding of the simpler structures would be
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beneficial also for those who wish to work with other generalisations of differential calculus,
as different tools capture different subsets of the phenomena that we illustrate.
In Section 2, we identify the category of Frölicher spaces with the categories of so-called
reflexive differential spaces and so-called reflexive diffeological spaces (see Definition 2.6 and
Theorems 2.11 and 2.13) and give examples of non-reflexive diffeological spaces and non-
reflexive differential spaces.
One of the motivations for considering diffeological and differential structures is that they
are meaningful for arbitrary subsets and quotients of manifolds. In Section 3, we discuss
how diffeological and differential structures relate on these objects; see Remarks 3.3 and 3.4.
In Section 4, we consider orbifolds, quotients by compact Lie group actions, and manifolds
with corners. By a result of Gerald Schwarz [45], the Hilbert map identifies the quotient of
a linear compact Lie group action with a subset of a Euclidean space as differential spaces.
Consequently, the subset differential structure on its image is reflexive. See Example 4.1.
As a consequence, manifolds-with-corners can be defined equivalently as differential spaces
or as diffeological spaces; either of these structures is reflexive. See Example 4.5. On the
other hand, the quotient diffeology can be non-reflexive, and consequently different from the
subset diffeology on the image of the Hilbert map. See Examples 4.1 and 4.6.
In Section 5, we consider finite unions of copies of the real line. For example, the union of
the three coordinate axes in R3 is diffeomorphic to a union of three concurrent lines in R2
diffeologically but not as differential spaces. The former differential space is reflexive; the
latter is not.
Appendix A contains some technical proofs that are deferred from the earlier sections.
Some History and Notes on the Literature.
The development of the various notions of smooth structures discussed in this paper oc-
curred mainly in the 1960s, ’70s, and ’80s, motivated by the need to push differentiability
beyond the confines of finite-dimensional manifolds to the singular subset, singular quotient,
and infinite-dimensional settings.
Differential structures (Definition 2.2) were introduced by Sikorski in the late 1960s; see
[46, 47]. Many of the properties of the smooth structure on a smooth manifold can be
derived from its ring of smooth functions; a differential space is a topological space equipped
with a ring of functions that captures these properties. A differential structure determines a
sheaf of continuous functions that contains the constants (as considered by Hochschild [30]),
which, in turn, is a special case of a ringed space (a topological space equipped with a sheaf
of rings; see EGA 1 [28]). Pushing similar notions from algebraic geometry into the realm
of differential geometry leads to further developments, C∞-schemes [34] and differentiable
spaces in the sense of Gonzalez-Salas [27] being some resulting theories.
Special cases of differential spaces appear in the literature in various contexts. A sub-
cartesian space, introduced by Aronszajn in the late 1960s and motivated by manifolds with
singularities that occur in his study of the Bessel potential in functional analysis, is a dif-
ferential space that is locally diffeomorphic to (arbitrary) subsets of Euclidean spaces; see
[2, 3, 4, 50]. In the mid-1970s, interest in equipping singular orbit spaces of compact Lie group
2
actions with a smooth structure (see Bredon [11, Chapter 6]) led to a result of Schwarz [45]
showing that while a priori quotient spaces, these spaces are in fact subcartesian as well; see
also Cushman-Śniatycki [20]. A similar result for symplectic quotients in the early 1990s by
Arms-Cushman-Gotay [1] lead to the study of these spaces as subcartesian spaces equipped
with Poisson structures; for example, this is used in the treatment of symplectic quotients
as symplectic stratified spaces by Sjamaar-Lerman [48]. Today, subcartesian structures on
stratified spaces is commonplace; for example, they appear in the book by Pflaum [44], the
work of Śniatycki [50], and Kreck’s stratifolds [37],[53]. Our main reference on the theory of
differential spaces is the book by Śniatycki [50].
Diffeology (Definition 2.1) was introduced by Jean-Marie Souriau around 1980; see [51].
An early success of the theory which helped to motivate its further development is the work
of Donato-Iglesias on the irrational torus [21]; see Example 3.6. The irrational torus (or
“infracircle”) also appears in the study of geometric quantisation [56], [31], as well as the
integration of certain Lie algebroids [19], and so plays a role in mathematical physics. Our
main reference on the theory of diffeology is the book by Iglesias-Zemmour [32].
Souriau’s motivation for developing diffeology came from infinite-dimensional groups ap-
pearing in mathematical physics. A similar notion was introduced and studied by Kuo-Tsai
Chen already in the 1970s for the purpose of putting differentiability on path spaces used
in variational calculus on an equal footing with smooth structures on manifolds; the precise
definition went through many revisions [12, 13, 14, 15, 16]. The main difference between
diffeological spaces and Chen spaces is that the latter use convex subsets instead of open
subsets of Euclidean spaces as domains of the so-called plots.
Similar motivations in functional analysis lead Frölicher and Kriegl to introduce what are
now called Frölicher spaces in their book [26], following the work of Frölicher in the early
1980s [23, 24, 25]. A special case is the “convenient setup” of Frölicher, Kriegl, and Michor
[26, 39], which applies to finite and infinite-dimensional vector spaces and manifolds.
A comparison of many of the categories mentioned above appears in the paper of An-
drew Stacey [52]. Along with the diffeological, differential, and Frölicher spaces, he also
considers various definitions of Chen spaces, as well as Smith spaces [49] (topological spaces
equipped with a set of continuous functions that satisfy a certain “reflexivity” condition), and
constructs various functors between these categories. Treatments of diffeological and Chen
spaces from the point-of-view of sheaves on categories is given in Baez-Hoffnung [6] (also see
[5]), and a treatment of diffeological spaces from the point-of-view of stacks on manifolds is
given in Watts-Wolbert [55].
Acknowledgements. This paper evolved from visits of Batubenge and Iglesias-Zemmour
to the University of Toronto. Many of the details were worked out and written up by Watts
as Chapter 2 of his University of Toronto Ph.D. thesis [54]. Y. Karshon would like to thank
Shintaro Kuroki, Eugene Lerman, and Haggai Tene for helpful discussions, and Peter Michor
for a helpful discussion back in 2003. Y. Karshon and J. Watts are grateful to Enxin Wu for
helpful discussions.
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2. Relations Between Structures
Definition 2.1 (Diffeology). Let X be a nonempty set. A parametrisation of X is a
function p : U → X where U is an open subset of Rn for some n. A diffeology D on X is a
set of parametrisations satisfying the following three conditions.
(1) (Covering) For every x ∈ X and every nonnegative integer n ∈ N, the constant
function p : Rn → {x} ⊆ X is in D.
(2) (Locality) Let p : U → X be a parametrisation such that for every u ∈ U there
exists an open neighbourhood V of u in U satisfying p|V ∈ D. Then p ∈ D.
(3) (Smooth Compatibility) Let p : U → X be a plot in D. Then for every n ∈ N,
every open subset V ⊆ Rn, and every infinitely-differentiable map F : V → U , we
have p ◦ F ∈ D.
A set X equipped with a diffeology D is called a diffeological space and is denoted by (X,D).
When the diffeology is understood, we may drop the symbol D. The parametrisations in
D are called plots. The D-topology on X is the strongest topology in which every plot is
continuous. A map F : X → Y between diffeological spaces is diffeologically smooth if for
any plot p : U → X of X the composition F ◦ p : U → Y is a plot of Y . The map is a
diffeomorphism if it is smooth and has a smooth inverse. ⋄
Given a collection of functions F0 on a set X, its initial topology is the weakest topology
on X for which every function in F0 is continuous. Thus, a sub-basis for the initial topology
is given by the pre-images of open intervals by functions in F0.
Definition 2.2 (Differential space). Let X be a nonempty set. A differential structure
on X is a nonempty family F of real-valued functions on X, along with its initial topology,
satisfying the following two conditions.
(1) (Smooth compatibility) For any positive integer k, functions f1, ..., fk ∈ F , and
F ∈ C∞(Rk), the composition F (f1, ..., fk) is in F .
(2) (Locality) Let f : X → R be a function such that for any x ∈ X there exist an open
neighbourhood U ⊆ X of x and a function g ∈ F satisfying f |U = g|U . Then f ∈ F .
A set X equipped with a differential structure F is called a differential space and is denoted
by (X,F). When the differential structure is understood, we may drop the symbol F . A
map F : X → Y between differential spaces (X,FX) and (Y,FY ) is functionally smooth if
for every function f : Y → R in FY the composition f ◦F is in FX . The map is a functional
diffeomorphism if it is smooth and has a smooth inverse. ⋄
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Definition 2.3 (“Compatible” and “determines”). Given a set X with a collection D0
of parametrisations and a collection F0 of real-valued functions, we say that
(i) D0 and F0 are compatible if f ◦p is infinitely-differentiable for all p ∈ D0 and f ∈ F0;
(ii) D0 determines the set ΦD0 of those real-valued functions whose precomposition with
each element of D0 is infinitely-differentiable,
ΦD0 := {f : X → R | ∀(p : U → X) ∈ D0, f ◦ p ∈ C
∞(U)};
(iii) F0 determines the set ΠF0 of those parametrisations whose composition with each
element of F0 is infinitely-differentiable,
ΠF0 := {parametrisations p : U → X | ∀f ∈ F0, f ◦ p ∈ C
∞(U)}.
⋄
Example 2.4 (Manifolds). On a smooth manifold M , the sets of parametrisations U →
M that are infinitely-differentiable and the set of real-valued functions M → R that are
infinitely-differentiable are a diffeology and a differential structure that determine each other.
This follows from the fact that smoothness is a local property and from the existence of
smooth bump functions. ≬
Remark 2.5. We make the following easy observations:
• Each of the operations D0 7→ ΦD0 and F0 7→ ΠF0 is inclusion-reversing.
• We always have ΠΦD0 ⊇ D0 and ΦΠF0 ⊇ F0.
These facts imply that, given a family D of parametrisations, there exists a family of real-
valued functions that determines D if and only if ΠΦD = D. Indeed, if D = ΠF then
ΠΦD ⊆ D amounts to ΠΦΠF ⊆ ΠF , which follows from ΦΠF ⊃ F . Similarly, given a
family F of real-valued functions, there exists a family of parametrisations that determines
F if and only if ΦΠF = F . ⋄
Definition 2.6 (Reflexive). A diffeologyD is reflexive ifΠΦD = D. A differential structure
F is reflexive if ΦΠF = F . ⋄
Proposition 2.7 (Reflexive stability). For any family F0 of real-valued functions on a
set, ΠF0 is a reflexive diffeology on the set. For any family D0 of parametrisations on a set,
ΦD0 is a reflexive differential structure on the set.
We prove Proposition 2.7 in §A.1.
Thus, if a diffeology D and a differential structure F determine each other, then they
are both reflexive. For example, manifolds are reflexive both as diffeological spaces and as
differential spaces. Here are examples of a diffeology and of a differential structure that are
not reflexive:
Example 2.8 (Wire diffeology). The wire diffeology (or spaghetti diffeology) on R2 con-
sists of those parametrisations that locally factor through curves. That is, a parametrisation
p : U → R2 is in the wire diffeology if and only if for every u ∈ U there is an open neigh-
bourhood V of u in U , a smooth map F : V → R, and a smooth curve q : R→ R2, such that
p|V = q ◦ F . See [32, Section 1.10] for more details.
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The differential structure that is determined by the wire diffeology consists of those real-
valued functions f : R2 → R such that f ◦ q is smooth for every smooth curve R→ R2. By
Boman’s theorem [10, Theorem 1], every such function f is infinitely-differentiable. Thus,
this is the standard differential structure on R2, and the diffeology that it determines is the
standard diffeology on R2.
The wire diffeology and the standard diffeology have the same smooth curves R → R2,
but they are different. For example, the identity map on R2 is in the standard diffeology but
not in the wire diffeology. Thus, the wire diffeology is not reflexive. ≬
Example 2.9 (Rational numbers). Consider the set Q of rational numbers with the
differential structure C∞(Q) that consists of those functions f : Q → R that locally extend
to smooth functions on R. This includes, for example, the restriction to Q of the function
x 7→ 1
x−√2 . All the plots in ΠC
∞(Q) are locally constant. (Indeed, since the inclusion map
Q →֒ R is in C∞(Q), every p ∈ ΠC∞(Q) must be a smooth as a function to R. By the
intermediate value theorem, such a pmust be locally constant.) Consequently, the differential
space (Q, C∞(Q)) is not reflexive. ≬
Example 2.10 (Ck(R)). Fix an integer k ≥ 0. Consider the real line R with the differential
structure Ck(R) consisting of those real-valued functions that are k-times continuously dif-
ferentiable. All the plots in ΠCk(R) are locally constant. (Indeed, take any parametrisation
p : U → R. Since the identity map is in Ck(R), if p ∈ ΠCk(R), then p must be infinitely-
differentiable. If p is infinitely-differentiable and not locally constant, then there exists u ∈ U
such that dp|u 6= 0; the composition of p with a map f ∈ Ck(R) that is not smooth at p(u) is
not smooth, so p /∈ ΠCk(R).) Consequently, the differential space (R, Ck(R)) is not reflexive.
≬
Diffeological spaces, along with diffeologically smooth maps, form a category; reflexive
diffeological spaces form a full subcategory. Differential spaces, along with functionally
smooth maps, form a category; reflexive differential spaces form a full subcategory.
If (X,DX) and (Y,DY ) are two diffeological spaces and F : X → Y is a diffeologically
smooth map, then F is also a functionally smooth map from (X,ΦDX) to (Y,ΦDY ). Thus,
we have a functor Φ from diffeological spaces to reflexive differential spaces that sends a
diffeological space (X,D) to the reflexive differential space (X,ΦD) and that sends each
map to itself. Similarly, we have a functor Π from differential spaces to reflexive diffeological
spaces that sends a differential space (X,F) to the reflexive diffeological space (X,ΠF) and
that sends each map to itself. In §A.2 we prove these facts and obtain the following theorem:
Theorem 2.11 (Isomorphism of categories of reflexive spaces). The restriction of
the functor Φ to the subcategory of reflexive diffeological spaces is an isomorphism of cate-
gories onto the subcategory of reflexive differential spaces. The restriction of the functor Π
to the subcategory of reflexive differential spaces is an isomorphism of categories onto the
subcategory of reflexive diffeological spaces. These isomorphisms are inverses of each other.
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Given a set X and a family F0 of real-valued functions on X, we also consider the set
ΓF0 of those maps from R to X whose composition with each element of F0 is infinitely-
differentiable:
ΓF0 := {c : R→ X | ∀f ∈ F0, f ◦ c ∈ C
∞(R)}.
The operation F0 7→ ΓF0 is inclusion-reversing. Also, for any family of functions F0 from X
to R and family of functions C0 from R to X, we have C0 ⊆ ΓΦC0 and F0 ⊆ ΦΓF0. These
facts imply that ΓΦΓF0 = ΓF0.
Definition 2.12 (Frölicher spaces). A Frölicher structure on a set X is a family F of
real-valued functions X → R and a family C of maps R→ X, such that
ΦC = F and ΓF = C.
Such a triple (X, C,F) is a Frölicher space.
Let (X, CX ,FX) and (Y, CY ,FY ) be Frölicher spaces. A map F : X → Y is Frölicher
smooth if it satisfies one, hence all, of the following equivalent conditions:
(i) f ◦ F ∈ FX for every f ∈ FY .
(ii) f ◦ F ◦ c ∈ C∞(R,R) for every c ∈ CX and f ∈ FY .
(iii) F ◦ c ∈ CY for every c ∈ CX .
((i) implies (ii) because FX and CX are compatible, (ii) implies (i) because FX = ΦCX , (ii)
implies (iii) because CY = ΓFY , (iii) implies (ii) because FY and CY are compatible.) ⋄
Frölicher spaces, along with Frölicher smooth maps, form a category. There is a functor
Ξ from the category of Frölicher spaces to the category of reflexive differential spaces that
takes (X, C,F) to (X,F) and takes each map to itself. There is also a functor Γ from the
category of differential spaces that takes (X,F) to (X,ΓF ,ΦΓF) and takes each map to
itself. In §A.3 we prove these facts and obtain the following theorem:
Theorem 2.13 (Frölicher spaces as reflexive spaces). The functor Ξ is an isomorphism
from the category of Frölicher spaces to the category of reflexive differential spaces. The
functor Γ restricts to an isomorphism from the category of reflexive differential spaces to the
category of Frölicher spaces. These isomorphisms are inverses of each other.
To summarise, we have isomorphisms between the categories of Frölicher spaces {(X, C,F)},
reflexive differential spaces {(X,F)}, and reflexive diffeological spaces {(X,D)}, where the
functors send every map to itself and their actions on objects are given by the following
commuting diagram.
{(X,D)}
C=1-dim’l plots, F=ΦD
..
F=ΦD

{(X, C,F)}
D=ΠF
mm
same F
zz
{(X,F)}
C=ΓF
::
D=ΠF
[[
(2.14)
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Notes.
(1) In the literature, what we call differential structure, differential space, functionally
smooth map, and functional diffeomorphism, are sometimes called Sikorski structure,
Sikorski space, Sikorski smooth map, and Sikorski diffeomorphism.
(2) In the literature, the adjective “reflexive” often refers to a Banach space E and means
that the natural inclusion of E into (E∗)∗ is an isomorphism. Many Banach spaces
(for example C([0, 1])) are not reflexive as Banach spaces, but the diffeology and
differential structure on a Banach (or Fréchet) space that consist of those parametri-
sations and those real-valued functions that are smooth in the usual sense are always
reflexive; see [24, 29]; also see [35]. Also, the analogue of reflexive stability (Propo-
sition 2.7) for the functor sending a Banach space to its dual is not true: by the
Hahn-Banach theorem, a Banach space E is reflexive if and only if its dual space E∗
is reflexive [22].
(3) The behaviour of the functors Φ and Π is that of an antitone Galois connection [42].
Other examples of such relationships include sets of polynomials and their zero sets
in algebraic geometry, as well as field extensions and their Galois groups.
(4) The functor Ξ : (X, C,F) 7→ (X,F) from Frölicher spaces to differential spaces was
described in Cherenack’s paper [17]. The functor Γ : (X,F) 7→ (X,ΓF ,ΦΓF) from
differential spaces to Frölicher spaces was described in Batubenge’s Ph.D. thesis [7,
§2.7]. A differential space (X,F) is reflexive if and only ifΦΓF = F ; these spaces were
introduced in [7, §5.2] under the name “pre-Frölicher spaces”. Further comparisons
between Frölicher and differential spaces appear in [9].
(5) Example 2.10 appears in [54, Example 2.79]. In the context of Smith spaces, (R, C0(R))
is discussed in [52, p.100, paragraph on “Smith spaces”]; however, when R is equipped
with its standard topology, (R, C0(R)) is not a Smith space.
(6) Some of the results of this section can be rephrased in terms of adjoint functors and
reflective subcategories; see Sections 8.4.1 and 8.4.4 of [26]. In particular, Ξ is a left
adjoint to Γ, Φ is a left adjoint to Π, and Γ ◦ Φ is a left adjoint to Π ◦ Ξ. These
facts are also in Stacey’s paper [52], noting that (X, C,F) should be (X, CX ,FX) in
the last sentence of the second paragraph of the subsection on Smith and Frölicher
spaces (Section 5).
3. Subsets and Quotients
In the definitions below we omit the proofs that the structures that are described are in
fact diffeologies or differential structures as claimed. Further below we also make claims
about subset topologies and quotient topologies without giving the proofs. The interested
reader can fill in the details as an exercise or look them up in Iglesias–Zemmour’s book [32,
chapter 1], Watts’ thesis [54, chapter 2], and Śniatycki’s book [50, chapter 2].
Definition 3.1 (Quotients). Let X be a set, let ∼ be an equivalence relation on X, and
let π : X → X/∼ be the quotient map.
Let D be a diffeology on X. The quotient diffeology on X/∼ consists of those parametri-
sations p : U → X/∼ that locally lift to X in the following sense: for every u ∈ U there exist
an open neighbourhood V of u in U and a plot q : V → X such that p|V = π ◦ q.
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Let F be a differential structure on X. The quotient differential structure on X/∼ consists
of those functions f : X/∼→ R whose pullback f ◦ π : X → R is in F . ⋄
Definition 3.2 (Subsets). Let X be a set and Y ⊆ X a subset.
Let D be a diffeology on X. The subset diffeology on Y consists of those parametrisations
p : U → Y whose composition with the inclusion map Y →֒ X is a plot in D.
Let F be a differential structure on X. The subset differential structure on Y consists of
those functions f : Y → R that locally extend to X in the following sense: for every x ∈ Y
there exists an open neighbourhood U of x in X with respect to the initial topology and a
function f˜ ∈ F such that f |U∩Y = f˜ |U∩Y . ⋄
Remark 3.3 (Quotients). Diffeologies are well adapted to quotients in the following sense.
Let X be a set, let ∼ be an equivalence relation on X, and let π : X → X/∼ be the quotient
map. Suppose that we start with a diffeology D on X. We can first take the quotient
diffeology on X/∼ and then the differential structure that it determines, or we can first take
the differential structure on X that is determined by its diffeology and then take the quotient
differential structure on X/∼. These two procedures yield the same differential structure
on X/∼. The diffeology on X also determines a topology on X/∼ without ambiguity: the
D-topology corresponding to the diffeology on X/∼ coincides with the quotient topology on
X/∼ induced by the D-topology on X.
In contrast, if we start with a differential structure F on X, the corresponding two pro-
cedures – first passing to the diffeology that it determines on X and then to the quotient
diffeology on X/∼, or first passing to the quotient differential structure on X/∼ and then
to the diffeology that it determines on X/∼ – might yield two different diffeologies on the
quotient X/∼. For example, this occurs with the irrational torus R/(Z+αZ) as in Example
3.6. Also, the initial topology corresponding to the quotient differential structure on X/∼
might differ from the quotient topology on X/∼ induced by the initial topology on X. For
example, this occurs with the quotient of the real line R by the open interval (0, 1) as in [54,
Example 2.76]. ⋄
Remark 3.4 (Subsets). Differential structures are well adapted to subsets in the following
sense. Let X be a set and let Y ⊆ X be a subset. Suppose that we start with a differential
structure F on X. We can first take the subset differential structure on Y and then the
diffeology on Y that it determines, or we can take the diffeology on X that is determined
by its differential structure and then the subset diffeology on Y . These two procedures yield
the same diffeology on Y . The differential structure on X also determines a topology on Y
without ambiguity: the initial topology corresponding to the subset differential structure on
Y coincides with the subset topology on Y induced by the initial topology on X.
In contrast, if we start with a diffeology D on X, the corresponding two procedures – first
passing to the differential structure that it determines onX and then to the subset differential
structure on Y , or first passing to the subset diffeology on Y and then to the differential
structure that it determines on Y – might yield two different differential structures on the
subset Y . Also, the D-topology corresponding to the subset diffeology on Y might differ
from the subset topology on Y induced by the D-topology on X. For example, this occurs
with the subset Y = Q of X = R as in Example 2.9. ⋄
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Remark 3.5 (Reduced Spaces). For a symplectic manifold (M,ω) with an action of a
compact Lie group G and momentum map µ : M → g∗, the reduced space X := µ−1(0)/G
inherits fromM an unambiguous diffeology and an unambiguous differential structure, which
are compatible. The differential structure on X does not always determine the diffeology on
X. It would be interesting to know if the diffeology on X also does not always determine
the differential structure on X. ⋄
The following examples illustrate that diffeology can carry rich information about quotients
and that differential structures can carry rich information about subsets.
Example 3.6 (Irrational flow on the torus: quotients and subsets). Fix an irrational
number α. Consider the linear flow with slope α on the torus R2/Z2:
[x, y] 7→ [x+ t, y + αt].
Let Tα be the quotient of the torus by this linear flow, equipped with the quotient diffeology
(which, in turn, determines the quotient differential structure). Let Lα be the orbit through
[0, 0] of this linear flow, equipped with the subset differential structure (which, in turn,
determines the subset diffeology).
An automorphism of the torus (as a Lie group) carries the linear flow with slope α to a
linear flow with slope β where β is obtained from α by a fractional linear transformation
with integer coefficients:
β =
aα + b
cα + d
, a, b, c, d ∈ Z , ad− bc = ±1.
When α and β are related in this way, we say that they are GL(2,Z)-congruent. Thus, if α
and β are GL(2,Z)-congruent, then the quotients Tα and Tβ are diffeomorphic as diffeological
spaces (hence also as differential spaces), and the subsets Lα and Lβ are diffeomorphic as
differential spaces (hence also as diffeological spaces).
The differential structure on Tα is trivial: it consists of the constant functions. In contrast,
the diffeology of Tα determines α up to GL(2,Z)-congruence: if Tα and Tβ are diffeomorphic
as diffeological spaces, then α and β are GL(2,Z)-congruent. This was proved by Donato
and Iglesias [21]; see Iglesias’s book [32, Exercise 4 with solution at the back of the book].
The diffeology on Lα is standard: the inclusion map t 7→ [t, αt] is a diffeomorphism from
the real line R with its standard diffeology to Lα. It would be interesting to know if the
differential structure of Lα determines α up to GL(2,Z)-congruence.
The diffeological space Tα is not reflexive. (It determines the trivial differential structure,
which, in turn, determines a diffeology in which every parametrisation is a plot. But there
exist parametrisations that are not plots of Tα; for example, g(t) = [0, 0] if t < 0 and
g(t) = [0, r] if t ≥ 0 defines a parametrisation R→ Tα that is not a plot of Tα if r /∈ Z+αZ.)
The differential space Lα is not reflexive. (It determines the standard diffeology on Lα ∼= R,
which, in turn, determines the standard differential structure on R. But the differential
structure on Lα differs from the standard one, for example, its initial topology is the subset
topology of Lα ⊆ R2/Z2, which is not locally compact.) ≬
10
4. Orbifolds, Quotients by Compact Group Actions, and Manifolds with
Corners
Example 4.1 (Orthogonal quotient). LetG be a compact Lie group acting linearly on Rn.
The quotient differential structure on Rn/G is determined by the quotient diffeology on Rn/G
(by Remark 3.3 (Quotients)), so it is reflexive (by Proposition 2.7 (Reflexive stability)).
By a theorem of Hilbert [57, p. 618], the ring of G-invariant polynomials on Rn is finitely
generated. A choice of m generators for this ring induces a G-invariant proper map i : Rn →
Rm, which we call a Hilbert map. By a theorem of Gerald Schwarz [45], every G-invariant
smooth function on Rn can be expressed as the pullback by i of a smooth function on
Rm. This implies that the Hilbert map descends to a diffeomorphism from Rn/G, with the
quotient differential structure induced by Rn, to the image of the Hilbert map, with the
subset differential structure induced by Rm. Consequently, the subset differential structure
on the image of the Hilbert map is reflexive.
We have shown that the differential structure on Rn/G is reflexive. In contrast, the
quotient diffeology on Rn/Gmight not be reflexive. For example, the map Rn/O(n)→ [0,∞)
given by x 7→ ‖x‖2 is an isomorphism of differential spaces (by Schwarz’s theorem), but
the quotient diffeologies on Rn/O(n) are non-isomorphic for different values of n (see [32],
Exercise 50, page 81 with solution at the back of the book). Consequently, the Hilbert map
is generally not a diffeomorphism of diffeological spaces.
≬
Example 4.2. The differential structure on the quotient of a manifold by a compact (or
proper) Lie group action is reflexive and is locally diffeomorphic to subsets of Euclidean
spaces. This follows from Example 4.1 by the slice theorem and the existence of smooth
invariant partitions of unity [36, 43].
≬
Example 4.3. We note two special cases of Schwarz’s theorem, which in the case n = 1
were proved by Whitney [58].
(1) Let the two-element group Z2 act on Rn by (x1, . . . , xn) 7→ ±(x1, . . . , xn). Then
every invariant smooth function has the form g((xixj)1≤i≤j≤n) where g : Rn(n+1)/2 →
R is smooth. Here the Hilbert map Rn → Rn(n+1)/2 is given by (x1, . . . , xn) 7→
((xixj)1≤i≤j≤n). When n = 2, after a linear change of coordinates, the image of the
Hilbert map becomes the subset {z2 = x2 + y2, z ≥ 0} of R3.
(2) Let (Z2)n act on Rn by (x1, . . . , xn) 7→ (±x1, . . . ,±xn). Then every invariant smooth
function has the form g(x21, . . . , x
2
n) where g : R
n → R is smooth. Here the Hilbert
map Rn → Rn is given by (x1, . . . , xn) 7→ (x21, . . . , x
2
n). Its image is the positive
orthant, Rn≥0.
≬
Example 4.4 (The positive orthant). On the positive orthant Rn≥0, the subset differential
structure that is induced by Rn is reflexive. Indeed, by Example 4.3, the positive orthant
11
is the image of a Hilbert embedding, and by Example 4.1, this implies that the differential
structure F is reflexive. ≬
Example 4.5 (Manifolds with corners). We recall the classical definition of a manifold
with corners. An n dimensional chart with corners on a topological space M is a homeomor-
phism ϕ : U → Ω from an open subset U of M to a relatively open subset Ω of the positive
orthant Rn≥0. Charts with corners ϕ1, ϕ2 are compatible if ϕ2 ◦ ϕ
−1
1 and ϕ1 ◦ ϕ
−1
2 , which are
homeomorphisms between relatively open subsets of Rn≥0, are smooth in the sense that they
locally extend to smooth functions from Rn to Rn. An atlas with corners on M is a set of
pairwise compatible charts with corners whose domains cover M . A manifold with corners
is a (Hausdorff, second countable) topological space M equipped with a maximal atlas with
corners.
An equivalent definition of “manifold with corners” is as a (Hausdorff, second countable)
differential space that is locally (functionally) diffeomorphic to open subsets of Rn≥0. A map
between manifolds with corners is smooth in the classical sense if and only if it is functionally
smooth. The differential structure on a manifold with corners is reflexive; this follows from
Example 4.4 (the positive orthant) and the existence of smooth bump functions.
Manifolds with corners can also be viewed as diffeological spaces. The D-topology on the
positive orthant Rn≥0 coincides with the subset topology induced by R
n; this follows from the
fact that the plot (x1, . . . , xn) 7→ (x21, . . . , x
2
n) restricts to a homeomorphism from the positive
orthant to itself with respect to the subset topology. By Remark 3.4 and Example 4.4, the
subset diffeology and the subset differential structure on the positive orthant Rn≥0 determine
each other. It follows that a map between relatively open subsets of the positive orthant
is a diffeological diffeomorphism if and only if it is a functional diffeomorphism, which is
equivalent to being a diffeomorphism in the classical sense. It further follows that a manifold
with corners can be equivalently defined as a diffeological space that is locally diffeomorphic
to open subsets of Rn≥0. ≬
Example 4.6 (Orbifolds). (Effective) orbifolds can be defined as diffeological spaces that
are locally diffeomorphic to quotients of the form Rn/Γ, where Γ is a finite subgroup of O(n)
(see [33]). As a differential space, an orbifold is reflexive. However, the diffeology on an
orbifold is generally not reflexive, as illustrated in the following example, which is due to
Moshe Zadka.
Let the two-element group Z2 act on R2 by (x, y) 7→ ±(x, y), and let π : R2 → R2/Z2 be the
quotient map. The quotient diffeology DR2/Z2 determines the quotient differential structure
C∞(R2/Z2) (see Remark 3.3), but it is not determined by this differential structure: the
map p from R2 to R2/Z2 that is given by
p : (r cos θ, r sin θ) 7→
{
[e−1/r
2
cos(θ/2), e−1/r
2
sin(θ/2)] r > 0
[0, 0] r = 0
is in the diffeology that is determined by C∞(R2/Z2), but it is not in DR2/Z2 . Indeed, let
f ∈ C∞(R2/Z2). By Schwarz’s theorem [45], π∗f(x, y) = g(x2, xy, y2) for some smooth
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function g : R3 → R. Thus, f ◦ p(r cos θ, r sin θ) is equal to{
g(e−2/r
2 1+cos θ
2
, e−2/r
2 sin θ
2
, e−2/r
2 1−cos θ
2
) r > 0
g(0, 0, 0) r = 0,
which is smooth. On the other hand, p does not have a smooth (nor even continuous) lift at
the origin (0, 0) ∈ R2. This shows that DR2/Z2 is not reflexive. ≬
Notes.
(1) The argument in Example 4.4 is a generalisation of the same statement for half-
spaces Rn−1 × [0,∞) that was given by Iglesias-Zemmour in [32, ch. 4] to show that
the classical notion of a manifold with boundary is the same as the diffeological
notion. This generalisation appeared in [40]. More generally, by a result of Kriegl
[38] [39, Theorem 24.5], the subset differential structure on any convex set is reflexive.
5. Intersecting Lines
Example 5.1 (Two coordinate axes). Consider the wedge sum of two copies of R attached
at their origins, which we write as W = (R1
⊔
R2)/(01 ∼ 02); denote the quotient map by
π : R1
⊔
R2 → W ; denote the quotient diffeology by DW . Also let E ⊆ R2 be the
union of the two coordinate axes in the Cartesian plane, equipped with its subset differential
structure. Let
ϕ : W → E
be the bijection that sends π(x) to (x, 0) if x ∈ R1 and π(y) to (0, y) if y ∈ R2. Then
(1) Pullback by ϕ gives a bijection from the subset differential structure C∞(E) to the
differential structure ΦDW on W that is determined by the quotient diffeology DW .
This differential structure consists of those real-valued functions whose restriction to
each of the two copies of R in W is smooth.
(2) The differential space (E,C∞(E)) is reflexive.
(3) The diffeological space (W,DW ) is not reflexive. ≬
Proof. We prove Item (1) in §A.4. By Item (1), C∞(E) is a differential structure that is
determined by some diffeology; Proposition 2.7 (“reflexive stability”) then gives Item (2).
For Item (3) we need to show that ΠΦDW ) DW . Consider the parametrisation p : R→W
whose composition with ϕ is
t 7→


(e−1/t
2
, 0) if t < 0
(0, 0) if t = 0
(0, e−1/t
2
) if t > 0.
Because this composition is a smooth map with image in E, it is a plot of E; by Remark
3.4 it is in ΠC∞(E); by item (1) the parametrisation p is in ΠΦDW . On the other hand, the
parametrisation p does not lift to a smooth (nor even continuous) map to R1
⊔
R2 on any
neighbourhood of t = 0, so p is not in the quotient diffeology DW onW . This proves (3). 
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Example 5.2 (Three lines in R2). Let S be the subset of R2 given by the union of the
x axis, the y axis, and the line y = x, with the subset differential structure C∞(S) and
the subset diffeology DS that are induced by R2. Let E ⊆ R3 be the union of the three
coordinate axes, with the subset differential structure C∞(E) and the subset diffeology DE
that are induced by R3. Consider the bijection
ϕ : E → S
that is given by (t, 0, 0) 7→ (t, 0), (0, t, 0) 7→ (0, t), and (0, 0, t) 7→ (t, t). Then
(1) Push-forward by ϕ gives a bijection from the subset diffeology DE on E to the subset
diffeology DS on S.
(2) The differential space (S, C∞(S)) is not reflexive. ≬
Proof. Because ϕ extends to a smooth map between the ambient spaces R3 → R2, (for
example, (x, y, z) 7→ (x+z, y+z),) the map ϕ : E → S is smooth (with respect to the subset
differential structures and) with respect to the subset diffeologies, so ϕ◦DE ⊆ DS. We prove
the opposite inclusion, DS ⊆ ϕ ◦ DE , in §A.4.
Arguments that are analogous to those in Example 5.1 show that the differential structure
C∞(E) on E is reflexive; we leave the details to the reader. We then have
(S,Φ(ΠC∞(S))) = (S,ΦDS) since DS = ΠC∞(S) (see Remark 3.4),
∼= (E,ΦDE) by Part (1),
= (E,C∞(E)) since DE = ΠC∞(E) and C∞(E) is reflexive .
The dimension of the Zariski tangent space at a point in a differential space is invariant under
functional diffeomorphisms (see [41]). Since the dimension of the Zariski tangent space at
the origin in S is 2, and that at the origin in (E,C∞(E)), hence in (S,ΦΠC∞(S)), is 3, the
differential space (S, C∞(S)) is not reflexive. 
Remark 5.3. Example 5.2 works for the union of any k distinct lines through the origin in
R2, for any integer k ≥ 3. In particular, for any k, any two such unions are diffeomorphic
as diffeological spaces. If k = 3, any two such unions differ by a linear transformation of
R2 and are thus also diffeomorphic as differential spaces. In contrast, if k ≥ 4, such unions
produce a continuum of non-isomorphic differential spaces.
Notes. The above examples are also addressed in pages 76–78 of Batubenge and Ntumba’s
paper [8], in Watts’ Ph.D. thesis [54], and in Examples 3.17, 3.19, and 3.20 of Christensen
and Wu’s paper [18].
A. Proofs
A.1. Reflexive Stability.
Lemma A.1. Fix a set X, and let D0 be a family of parametrisations into X. Then the set
ΦD0 of real-valued functions that are determined by D0 is a differential structure on X.
Proof. We first show smooth compatibility. Let f1, ..., fk ∈ ΦD0 and let F ∈ C∞(Rk). Let p ∈
D0. Because the components of (f1, . . . , fk) ◦ p are infinitely-differentiable, the composition
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F ◦ (f1, . . . , fk) ◦ p is infinitely-differentiable. Because p is arbitrary, F ◦ (f1, . . . , fk) is in
ΦD0.
We now show locality. Equip X with the initial topology of ΦD0. Let f : X → R be a
function satisfying: for every x ∈ X there is an open neighbourhood V of x in X and a
function g ∈ ΦD0 such that f |V = g|V . We want to show that f ∈ ΦD0. Fix (p : U → X) ∈
D0. Let V ⊆ X be an open subset, and let g ∈ ΦD0 be a function such that f |V = g|V .
Then f ◦ p|p−1(V ) = g ◦ p|p−1(V ). The pre-image p−1(V ) is open in U . (Indeed, V is a union
of pre-images h−1((a, b)) of open intervals (a, b) under functions h in ΦD0, so p−1(V ) is a
union of the pre-images (h ◦ p)−1((a, b)), and h ◦ p : U → R is infinitely-differentiable, hence
continuous, because p ∈ D0 and h ∈ ΦD0.) Since each such g ◦ p is smooth in U and is
covered by such open sets p−1(V ), and since smoothness is a local condition, f ◦ p : U → R
is smooth. Since p ∈ D0 is arbitrary, f ∈ ΦD0. 
Lemma A.2. Fix a set X, and let F0 be a set of real-valued functions on X. Then the set
ΠF0 of parametrisations that are determined by F0 is a diffeology on X.
Proof. To see that ΠF0 contains all the constant maps into X, note that if p : U → X is
constant then for any f ∈ F0 the composition f ◦ p : U → X is constant, hence infinitely-
differentiable.
Next, we show locality. Let p : U → X be a parametrisation such that for every u ∈ U
there is an open neighbourhood V of u in U such that p|V ∈ ΠF0; we want to show that
p ∈ ΠF0. Let f ∈ F0. For any u ∈ U , there is an open neighbourhood V of u in U such
that f ◦ p|V is smooth. Since smoothness on U is a local condition, f ◦ p : U → R is smooth.
Since f ∈ F0 is arbitrary, p ∈ ΠF0.
Finally, we show smooth compatibility. Let U and V be open subsets of Euclidean spaces,
and let F : V → U be a smooth map. Let (p : U → X) ∈ ΠF0. For any f ∈ F0, we have
that f ◦ p is smooth, so f ◦ p ◦ F is smooth. Because f ∈ F0 is arbitrary, p ◦ F ∈ ΠF0. 
Proof of Reflexive Stability (Proposition 2.7). By Lemma A.1, F := ΦD0 is a differential
structure; by Remark 2.5, it is reflexive. By Lemma A.2, D := ΠF0 is a diffeology; by
Remark 2.5, it is reflexive. 
A.2. Isomorphism of categories of reflexive spaces. Recall that Φ(X,D) = (X,ΦD)
on objects and Φ(F ) = F on morphisms.
Proof that Φ is a functor from the category of diffeological spaces to the category of reflexive
differential spaces. By Proposition 2.7, if (X,D) is a diffeological space then (X,ΦD) is a
reflexive differential space. We need to show that if F : (X,DX)→ (Y,DY ) is diffeologically
smooth then F is also functionally smooth as a map between the reflexive differential spaces
(X,ΦDX) and (Y,ΦDY ). Let f ∈ ΦDY . Let p ∈ DX . Because F is diffeologically smooth,
F ◦ p ∈ DY . This and the fact that f ∈ ΦDY imply that f ◦ F ◦ p is infinitely-differentiable.
Since p ∈ DX is arbitrary, this shows that f ◦ F ∈ ΦDX . Since f ∈ ΦDY is arbitrary, this
shows that F is functionally smooth. 
Recall that Π(X,F) = (X,ΠF) on objects and Π(F ) = F on morphisms.
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Proof that Π is a functor from differential spaces to reflexive diffeological spaces. By Propo-
sition 2.7, if (X,F) is a differential space, then (X,ΠF) is a reflexive diffeological space. We
need to show that if F : (X,FX) → (Y,FY ) is functionally smooth then F is also diffeolog-
ically smooth as a map between the reflexive diffeological spaces (X,ΠFX) and (Y,ΠFY ).
Let p ∈ ΠFX . Let f ∈ FY . Because F is functionally smooth, f ◦ F ∈ FX . This and the
fact that p ∈ ΠFX imply that f ◦F ◦ p is smooth. Since f ∈ FY is arbitrary, this shows that
F ◦ p ∈ ΠFY . Because p ∈ ΠFX is arbitrary, this shows that F is diffeologically smooth. 
Proof of isomorphism of categories of reflexive spaces (Theorem 2.11). If (X,F) is a reflex-
ive differential space, then Φ ◦ Π(X,F) = (X,ΦΠF) = (X,F). If (X,D) is a reflexive
diffeological space, then Π ◦Φ(X,D) = (X,ΠΦD) = (X,D). This and the fact that Π and
Φ send every map to itself shows that the restriction of the functor Φ to the subcategory of
reflexive diffeological spaces and the restriction of the functor Π to the subcategory of reflex-
ive differential spaces are inverses of each other and give an isomorphism of categories. 
A.3. Frölicher spaces as reflexive spaces. Recall that Ξ(X, C,F) = (X,F) on objects
and Ξ(F ) = F on morphisms.
Proof that Ξ is a functor from the category of Frölicher spaces to the category of reflexive
diffeological spaces. Let (X, C,F) be a Frölicher space. In particular, F = ΦC. By Propo-
sition 2.7, F is a reflexive differential structure. Thus, Ξ takes Frölicher spaces to reflexive
differential spaces. As noted in Definition 2.12, if a map of Frölicher spaces is Frölicher
smooth, then it is also functionally smooth. 
Recall that Γ(X,F) = (X,ΓF ,ΦΓF) on objects and Γ(F ) = F on morphisms.
Proof that Γ is a functor from the category of differential spaces to the category of Frölicher
spaces. Let (X,F) be a differential space. The equality ΓΦΓF = ΓF shows that (X,ΓF ,ΦΓF)
is a Frölicher space. As noted in Definition 2.12, if a map of differential spaces is functionally
smooth, then it is also Frölicher smooth. 
Lemma A.3. Let D be a diffeology on a set X. Let f be a real-valued function on X.
Suppose that f ◦ c is infinitely-differentiable for every plot c in D with domain R. Then f ◦ p
is infinitely-differentiable for every plot p in D.
Proof. Let p : U → X be a plot in D. We need to show that f ◦ p : U → R is infinitely-
differentiable.

Proof of “Frölicher spaces as reflexive spaces” (Theorem 2.13). We first note that, if f is a
real-valued function on a diffeological space (X,D) and f ◦ c is infinitely-differentiable for
every plot c in D with domain R, then f ◦p is infinitely-differentiable for every plot p : U → X
in D. Indeed, by Boman’s theorem [10, Theorem 1] it is enough to show that the composition
f ◦p◦γ is infinitely-differentiable for every infinitely-differentiable curve γ : R→ U , and this
is true because p ◦ γ is a plot in D with domain R.
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If (X, C,F) is a Frölicher space, then Γ ◦ Ξ(X, C,F) = Γ(X,F) = (X,ΓF ,ΦΓF) =
(X, C,F). If (X,F) is a reflexive differential space, then Ξ ◦ Γ(X,F) = Ξ(X,ΓF ,ΦΓF) =
(X,ΦΓF) = (X,ΦΠF) = (X,F). Here, the equality ΦΓF = ΦΠF is obtained from the
previous paragraph by setting D = ΠF . This and the fact that Π and Γ send every map to
itself shows that the functor Ξ and the restriction of the functorΠ to the category of reflexive
differential spaces are inverses of each other and give an isomorphism of categories. 
A.4. Intersecting lines.
Proof of Part (1) of Example 5.1. Fix a real-valued function f : E → R. Define fi : R→ R,
for i = 1, 2, by f1(x) = f(x, 0) and f2(y) = f(0, y). Because ϕ is a bijection, we need to
show that each of the conditions f ∈ C∞(E) and ϕ∗f ∈ ΦDW is equivalent to f1 and f2
being smooth.
First, suppose that f ∈ C∞(E). Then f1 and f2, being the compositions of the smooth
maps x 7→ (x, 0) and y 7→ (0, y) with a smooth extension of f to R2, are smooth.
Now, suppose that ϕ∗f ∈ ΦDW . Let i = 1 or i = 2. The inclusion map of the ith copy of
R in W , which we denote Ii : R→W , is in the quotient diffeology DW . By the definition of
ΦDW , the composition (ϕ∗f) ◦ Ii is smooth. This composition is fi, so fi is smooth.
Now, suppose that f1 and f2 are smooth. Then (x, y) 7→ f1(x)+f2(y)−f(0, 0) is a smooth
extension of f to R2. This shows that f ∈ C∞(E).
Still assuming that f1 and f2 are smooth, let p : U → W be a plot in the quotient dif-
feology DW . Let u ∈ U be any point. Let V be a connected neighbourhood of u in U
and p˜ : V → R1
⊔
R2 a smooth lifting of p; these exist by the definition of the quotient
diffeology. By continuity, the image of p˜ is contained in Ri for some i ∈ {1, 2}. The map
(ϕ∗f) ◦ p|V : V → R, being the composition of the smooth maps p˜ and fi, is smooth. Since
smoothness is a local condition and u ∈ U is arbitrary, (ϕ∗f) ◦ p : U → R is smooth. Since
p ∈ DW is arbitrary, ϕ∗f ∈ ΦDW . 
Completion of the proof of Part (1) of Example 5.2. Recall that E ⊆ R3 is the union of the
three coordinate axes; S ⊆ R2 is the union l1 ∪ l2 ∪ l3 where l1 is the x-axis, l2 is the y-axis,
and l3 is the line given by y = x; and ϕ : E → S is the map (t, 0, 0) 7→ (t, 0), (0, t, 0) 7→ (0, t),
(0, 0, t) 7→ (t, t). We need to prove that DS ⊆ ϕ ◦ DE. For this, we fix an open subset U of
Rk for some k and a plot
p : U → S
of S, and we need to prove that ϕ−1 ◦ p : U → E is a plot of E. Let (p1, p2) : U → R2 be
the composition of p : U → S with the inclusion map S → R2, and let q : U → R3 be the
composition of ϕ−1 ◦ p : U → E with the inclusion map E → R3. On each subset p−1(li), the
map q coincides with the map gi, where
g1(u) = (p1(u), 0, 0), g2(u) = (0, p2(u), 0), and g3(u) = (0, 0, p1(u)).
The maps gi : U → R are smooth (because p is a plot), and we need to prove that the map
q : U → R3 is smooth.
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Let
Ui = interior(p
−1(li)) for i = 1, 2, 3, and let W =
⋃
j 6=k
Uj ∩ Uk.
We claim that
U = U1 ∪ U2 ∪ U3 ∪W, and Ui ⊆ Ui ∪W for i = 1, 2, 3. (A.4)
Indeed, let u ∈ U r (U1 ∪ U2 ∪ U3). Then p(u) = 0 and each neighbourhood of u contains
points from at least two of the sets p−1(li r {0}) for i = 1, 2, 3. So there exist j 6= k such
that every neighbourhood of u contains points of p−1(lj r {0}) and points of p−1(lk r {0}).
Then u ∈ Uj ∩ Uk, and so u ∈ W . This proves the first part of (A.4). Now suppose that
u ∈ Ui. By the first part of (A.4), either u ∈ Ui, or u ∈ W , or u ∈ Uj for j 6= i. In the first
or second case, u ∈ Ui ∪W . In the third case, u ∈ Ui ∩ Uj ⊆ Ui ∩ Uj ⊆ W ⊆ Ui ∪W . This
proves the second part of (A.4).
Let t1, . . . , tk be the coordinates on U ⊆ Rk. Consider the differentiation operators
Dm =
∂m1+...+mk
∂tm11 · · ·∂t
mk
k
for m = (m1, . . . , mk) ∈ Z
k
≥0.
For each i ∈ {1, 2, 3} the restriction Dm(p1, p2)|Ui takes values in the linear subspace li of R
2.
By continuity, (Dm(p1, p2))|Ui also takes values in li. If j 6= k, then, because lj ∩ lk = {0},
the derivatives Dm(p1, p2) vanish on Uj ∩ Uk. So
if u ∈ W , then Dmgi(u) = 0 for all m ∈ Z
k
≥0 and i = 1, 2, 3. (A.5)
Consider the following statements.
(Im) Dmq : U → R3 exists throughout U and vanishes on W .
(IIm) For each i = 1, 2, 3, Dmq (exists and) coincides with Dmgi on Ui.
(IIIm) Dmq : U → R3 (exists and) is continuous.
(Im) implies (IIm). This follows by the second part of (A.4) from the facts that q and
gi coincide on the open set Ui and that, assuming (Im), Dmq and Dmgi both vanish at the
points of W (Dmq by hypothesis and Dmgi by (A.5)).
(Im) and (IIm) imply (IIIm). This is because Dmq coincides with continuous maps on the
closed sets U1, U2, U3, W , whose union is U (by the first part of (A.4)).
We will now show that (Im) is true for all m. For m = 0, this follows from (A.5).
Arguing by induction, assume that (Im′), and hence (IIm′) and (IIIm′), are true, and let m
be obtained from m′ by increasing one of its coordinates by one, say, the ℓth coordinate.
Because q coincides with the smooth map gi on the open set Ui, the derivative Dmq exists
on the Uis. Denote the ℓth standard basis element of Rk by eℓ. Fix a point u ∈ W . For any
h such that u+ heℓ ∈ U , we claim that
Dm′q(u+ heℓ)−Dm′q(u)
h
=


Dm′gi(u+ heℓ)−Dm′gi(u)
h
if u+ heℓ ∈ Ui
0 if u+ heℓ 6∈ U1 ∪ U2 ∪ U3.
(A.6)
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The first case is because q and gi, and hence their derivatives, coincide on the open subset
Ui, and because Dm′q(u) = 0 (by (Im′)) and Dm′gi(u) = 0 (by (A.5) for m′). In the
second case u + heℓ ∈ W (by the first part of (A.4)) and u ∈ W (by assumption), so
Dm′q(u + heℓ) = Dm′q(u) = 0 (by (Im′)). Since each term on the right hand side of (A.6)
converges to zero as h → 0 (by (A.5) for m), we conclude that the left hand side converges
to zero, so Dmq(u) exists and is equal to zero. Because u ∈ W is arbitrary, we obtain (Im).
Thus, (Im), (IIm), and (IIIm) are true for all m. In particular, q is smooth, as required. 
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